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Electromagnetic energy for a charged Kerr black hole in a uniform magnetic field
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With the Komar mass formula we calculate the electromagnetic energy for a charged Kerr black hole in a
uniform magnetic field. We find that the total electromagnetic energy takes the minimum when the Kerr black
hole possesses a nonzero net cha@ge2£ByJ,, whereBy is the strength of the magnetic field,, is the
angular momentum of the black hole, afids a dimensionless parameter determined by the spin of the black
hole. However, the Wald state witQ=2ByJ,; does not minimize the electromagnetic energy.

PACS numbegps): 04.70-—s, 97.60.Lf

Whether an astrophysical black hole can possess a nétack hole sits at the center of the sphere, the radius of the
electric charge is an interesting and important question. Fosphere is much larger than the radius of the black hole hori-
an astrophysical black hole without a magnetic field the anzon. Inside the sphere the magnetic field is uniform but out-
swer seems to be clear: usually the black hole cannot possesigle the sphere the magnetic field decreases quickly with
much net electric charges since otherwise the black hole wililncreasing radiugCurrents are induced on the surface of the
selectively accrete particles with an opposite sign of chargéphere to connect the magnetic fields inside and outside the
from the ambient material and be quickly neutraliféeR].  sphere. We will calculate the total electromagnetic energy
(However, if accretion onto a black hole produces a luminosinside the sphere using the Komar mass form@a and
ity close to the Eddington limit, the black hole can acquire ashow that when the total electromagnetic energy takes the
net charge due to the different radiation drag on electronginimum the black hole acquires a nonzero net cha@ge
and ions[3].) But for a black hole immersed in a magnetic =2£ByJy=£Qy, where the dimensionless paramefés a
field—which is believed to occur in many astrophysical function of a/M,, and O<é<[$(2+m)] 1~0.13 for O
systems—the situation is different and the answer is quiteca/M,,<1, My is the mass of the black hole aral
unclear. Wald has shown that when a Kerr black hole is=j,,/M,. (The value of¢ is independent of the radius of
immersed in a uniform magnetic field aligned with its rota- the truncation sphere in the limit that the radius of the sphere
tion axis, the hole acquires a net electric char@q, s much larger than the radius of the black hp&o the Wald
=2BoJy, whereB, is the strength of the magnetic field and state (which corresponds té=1) does not minimize the
Jy is the angular momentum of the black hgtaroughout  total electromagnetic energy. Indeed, the energy of the Wald
the paper we use the geometric unis=c=1) [4]. Wald  state is higher than that of the state with no charge.
derived his result from the requirement that the “injection For a Charged rotating black hole immersed in a uniform
energy” along the symmetry axis should be zero for themagnetic field with the electromagnetic field being suffi-
equilibrium ’s:tate: However, it can be shown that the “injec- ciently weak Q?%M?%<1 andBiMZ<1), the spacetime can
tion energy” defined by Wald irj4] depends on the path pe described with the Kerr metritin other words, the elec-
along which the injection is made and the effect of off-axisyromagnetic field is treated as test field in the background of

accretion of charges is unclear. So it remains a questiorerr spacetimg. In Boyer-Lindquist coordinates, the Kerr
what is the equilibrium state for a Kerr black hole in a uni- metric is

form magnetic field and whether the equilibrium state ac-
quires a net charge. ( ZMHr) , 4Mpyar
1_ —

py
Ruffini and Treves have analyzed the problem of a mag- ds°= — S S sinf6 dtde+ dez
netized rotating sphere in flat spacetirfg]. They have
found that the sphere acquires a nonzero net charge in order , C Sirfe
to minimize the total electromagnetic energy of the system. +3do°+

This is similar to the conclusion of Wald but the acquired
charge has the opposite sign. The method of extremizing thghere M, is the Komar mass of the black hola,is the
total energy is better than that of “injection energy” since specific angular momentum of the black hdtee angular

the former is a global approach which does not depend ofomentum of the black hole i&,=Ma), and
the details of injection path and accretion process. Therefore

d¢?, @

in this paper we try to calculate the total electromagnetic A=r?2—2Myr+a? 3=r?+a’cos¥,
energy for a charged Kerr black hole in a uniform magnetic
field. Energy(mas$ is well defined for a stationary system C=(r?+a??—AaZsirfe. 2

which is asymptotically flat and has an asymptotic timelike

Killing vector [2]. However, if the uniform magnetic field The electromagnetic vector potentiall &
extends to infinity in space, the total electromagnetic energy

diverges. To obtain a finite electromagnetic energy we trun- a:§ (i)a+2a B Q (i)a 3)
cate the electromagnetic field with a spherical surface. The 2 \d¢p 2Mylat) ’

a
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whereB, is the strength of the external magnetic field @d +a?) is the area of the horizomy, =M+ M2 —a? is the
is the electric charge of the black hole. The electromagnetigadius of the horizong=(r,—My)/(2Myry) is the surface

field F,p is given by gravity of the black hole, anfy=a/(2Myry) is the angu-
_vy v lar velocity of the black hole. So the total energy of the
Fap=VaAb= VpAa. ) electromagnetic field within the truncation sphere is

The tensor indexes are raised and lowered with the Kerr R . o
Metric gap - gEM:f drf daf d¢ evh,
Since @/t)? and (@/d$)? are the Killing vectors of Kerr y Jo 0
spacetime and the Ricci tensBg,=0 for the Kerr metric,
Fap Solves vacuum Maxwell's equatiofs,F2°=0 [4]. The _ 1 al ? b
stress-energy tensor of the electromagnetic field is €=2| Tap— ETgab M) (®)

5) where

c 1 de
T Fach - ZgadeeF .

S
1/2
The trace of the stress-energy tensor of the electromagnetic vh _(T> sing 9
field is T=g,,T2?=0.
With the Komar mass formulg], the total mas¢energy s the measure of volume ob. The integration over is
for the Kerr black hole and the electromagnetic fiéhdth truncated ar =R (the radius of the truncation sphereth-

suitable truncation as described eailiisr[2,7-9 erwise the integration diverges since the magnetic field is
1 g\b 1 asymptotically uniform. SupposeR is >ry but
M ZZJ (Tab— ETgab) na(a) dV+ — KA+ 2040y, <(My /B33 [so that&zy<My, and the background space-
2 ™ time can be well approximated with the Kerr geométihe

©) energy so defined is conserved since the spacetime is station-
ary.

where . . .
Inserting Eqs(3)—(5) into Eqg. (8), we obtain

1 a

a_

[¢%

AE 1/2
: a5<?) , (D

a\® 2aMyr | d
at C \og

is the unit future-pointing normal to the hypersurfatét
=constant),dV is the volume element o, A=4m(rj  where

o
€= m(f083+f1Q2+szoQ), (10)

fo=r>(r—2Mysirf9) + a%r?[3r2cog 6+ 2Mr (1+cog6)(1—3 cog6) — MZ(1+cog6)(3—5 cogh)]

+a*[3r?cog 6—2Myr cof0(3+ cog ) + M3 (1+ cogh)?(2—cog )]+ a’cod, (11)
f,=r?+a%(2—cos0), (12
f,=—2a{r?(r—My)(1—3 cog6)—a[r cofd(3—cogH)—My(1+cogh)(2—cosh)]}, (13

and

S
s+ 2 arctaf) ——
1+\1-¢°

BoJuQ 1
Gl e el "

1
Fi=Fi(s)=53(1-V1-5)

2
5EM=50+(Q_

Fot
My 1t

where(in the limit R>ry)

Fo=Fy(s)= %g s(3V1-s?—s?)—6(1—s?)

1
ld).

1. 3 2 X arct s
— arctan ———
& 380R +O(R?), (15 N
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where s=a/My is the spin parameter of the black hole. E T ' ' ' ' ' T3
Since Oss=<1, F;>0 andF,=<0 always. Since the total
electromagnetic field is the superposition of the external
magnetic fieldB, and the electromagnetic field generated by
the chargeQ, the total electromagnetic energy is composed
of three parts(1) the “bare” energy&,, i.e., the energy of =3 4oL
the external magnetic field, which is proportionalBé‘ (2 ;é g
the energy of the electromagnetic field generated by thed -
chargeQ, which is proportional taQ? (cf. [10] for the elec- e} 1072 ¢
tromagnetic energy of a Kerr-Newman geomgtr§8) the X
energy arising from the interaction between the external
magnetic fieldB, and the electromagnetic field of the charge
Q, which is proportional toByQ. Though asR—o the

02 E

“bare” energy &, divergesF, andF, converge. Sd-; and 104 [ /. ! ! ! ! ! I I I
F, do not depend on where the truncation iR, . In 01 02 03 04 05 06 07 08 09 f
particular, the difference in the electromagnetic energy be- a/My

tween a charged Kerr black hole in a uniform magnetic field
and its uncharged statA&= & — &, is independent of the FIG. 1. A Kerr black hole immersed in a uniform magnetic field

truncation and so is well-defined. acquires a net charg®@=2£BgJy when the total electromagnetic
Eenm has a minimum sincé(s)>0 for O<s<1. By  energy takes the minimum. The dimensionless paramgtisr a
9Eep19Q=0 we obtain function of s=a/My, which is shown with the solid curve. For
reference the Wald charg€<£1) is also shown with the dashed
line, which does not correspond to the minimum energy of the
Q=2&(s)Bgdy (18) electromagnetic field.
where BZJﬁ
AEw=2(2F+ FZ) (21
Fa
§8)=— 1 L g
1 which is always positive for &a/My=<1. (For a Kerr black
s hole with a/M,;=0.99 we haveA&,=3.4B2J3/M,.) So
s3—3s/1—s2+ 6(1—52)arctar( —) the electromagnetic energy for the Wald state is even higher
1+1-¢° than that of the uncharged state.

s ' To see if the charge given by E@L8) is important in
s+2 arcta76 —) ] practice, let us compare the contribution of the chapgend
1+41-5° the magnetic field, to the magnetic flux through the north-
(19) ern hemisphere of the black hole horizon. The magnetic flux
contributed byQ is ®o=27aQ/ry . The magnetlc flux con-

2
For 0<s<1 we have G<£<[2(2+m)] 1~0.13. £(s) is tributed byBy is CDB =2mBoMyry(1—a /rH) (The total
plotted in Fig. 1.¢ decreases quickly as decreases. As magnetic fluxisb= ®Q+®Bo) For Q given by Eq.(18) we
examples: £(0)=0, &(0.1)~3.4x10°%4, ¢0.5~9.9 have
X1073, £(0.9)~5.6x10 2, &(0.99)~0.10, and &(1)
~0.13. So, a Kerr black hole immersed in a uniform mag-

3(1—1-5°)

netic field acquires a nonzero net chafgaven by Eq.(18)] ) £s?
to attain the minimum electromagnetic energy. Relative to a: m (22)
the bare statdi.e., the state withQ=0), the value of the 0
minimum electromagnetic energy is

F2\ g272 which increases with increasing. We find that O

s :_(_z) o (20 =Polbp,<l if 0=5<0995, kdo/Pg<w if 0.995
min
4F1) My <s=<1. So the charge given by E(18) is important only if
a/M>0.995.

For a Kerr black hole witha/My=0.99 we haveQ In conclusion, we have calculated the electromagnetic en-
~0.2B,Jy and A&y~ —0.04B2IZ/M, . ergy for a charged Kerr black hole immersed in a uniform

Wald’s resultQy=2ByJy does not correspond to the magnetic field. We have found that a nonzero net charge is
lowest energy state of the electromagnetic field. In fact, theacquired by the Kerr black hole for attaining the minimum
difference in the electromagnetic energy between the Wal@lectromagnetic energy. The Wald state is not the state with
state and the uncharged state is minimum electromagnetic energy. Indeed the electromag-
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netic energy for the Wald state is even higher than that fofowest energy state in an external magnetic field acquires a
the uncharged state. Though the realistic case for an astraonzero net charge.

physical black hole is much more complicated than the
simple model investigated here, due to the appearance of | @M Very grateful to Robert M. Wald for many helpful
many charged particles in the neighborhood of the blaci@nd stimulating discussions. This work was supported by the

hole, our results have shown that a Kerr black hole in thdVSF Grant No. AST-9819787.
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